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POSITIVE NUMBER OF EMBEDDED EIGENVALUES
T. J. CHRISTIANSEN AND K. DATCHEV
Abstract. We construct a surface with a cylindrical end which has a finite number of Laplace
eigenvalues embedded in its continuous spectrum. The surface is obtained by attaching a cylin-
drical end to a hyperbolic torus with a hole. To our knowledge, this is the first example of a
manifold with a cylindrical end whose number of eigenvalues is known to be finite and nonzero.
The construction can be varied to give examples with arbitrary genus and with an arbitrarily
large finite number of eigenvalues. The constructed surfaces also have resonance-free regions near
the continuous spectrum and long-time asymptotic expansions of solutions to the wave equation.
Let (X, g) be a manifold with cylindrical ends and let −∆ ≥ 0 be its Laplacian. A basic question
is: How many eigenvalues does −∆ have? This question is subtle because the essential spectrum
of −∆ is [0,∞), and hence any eigenvalues must be embedded in it rather than isolated. In some
examples, including the simplest example of the cylinder R × (R/Z), the number of eigenvalues
is zero. In this note we prove that the number of eigenvalues can be nonzero but finite.
Theorem. There exists a surface with a cylindrical end whose Laplacian has a nonzero but finite
number of eigenvalues.
In fact, we construct families of Riemannian surfaces (X, g) consisting of a compact hyperbolic
piece with an infinite cylindrical end attached. More specifically, we start with a symmetric
funneled torus of constant negative curvature, (X, gH), and then modify the metric in the funnel
end to obtain a cylindrical end (a Riemannian product of a half-line with a circle) as in Figure 1.
` `
Figure 1. The hyperbolic surface (X, gH), and the surface with a cylindrical end (X, g).
In the proof below, we show that if the length ` of the geodesic at the boundary of the funnel
is sufficiently small, then −∆ has an eigenvalue. For this, as in work of earlier authors including
[EvLeVa, DaPa], we consider −∆|O, a restriction of the Laplacian −∆ to a domain of functions
with a suitable symmetry, and we show that −∆|O has an isolated eigenvalue.
The more difficult step is showing that −∆ does not have infinitely many eigenvalues. This is
done in [ChDa1, Theorem 1.1] for a family of manifolds with cylindrical ends which includes (X, g),
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and which also includes the variants of (X, g) described in the extensions after the proof below.
This result is an application of two recent breakthroughs in the scattering theory of hyperbolic
manifolds: the essential spectral gap of Bourgain and Dyatlov [BoDy], and Vasy’s propagation of
semiclassical singularities [Va].
Existence proofs for eigenvalues for manifolds with cylindrical ends (including the case of waveg-
uides, or more generally manifolds with boundary, where we may have isolated eigenvalues below
the essential spectrum as well as embedded ones within it) have been given by many authors
under various assumptions. In some cases the number of eigenvalues is shown to be infinite
[Wi, ChZw, Pa, IsKo], and in many others it is left open whether the number of embedded
eigenvalues is finite or infinite: see [ExSˇe, AvBeGiMa, GoJa, EvLeVa, BuGeReSi, DaPa] for
some such results, [LoCaMu, KrKrˇ, ExKo] for further results and surveys of the literature, and
[CaDuNa, SaMe] for some recent results and more references. In general, the eigenvalue count-
ing function is polynomially bounded [Do1, ChZw, Pa]. On the negative side, nonexistence re-
sults for eigenvalues have been obtained in many of the aforementioned papers, as well as in
[MoWe, BrDiKr, ChDa2], and one for a resonance at the bottom of the spectrum in [GrJe]. To
our knowledge, the examples in this note are the first manifolds with cylindrical ends whose total
number of eigenvalues is known to be finite but not zero.
We discuss briefly other geometric situations in which finite numbers of embedded eigenvalues
arise. Particularly important, and closely related to manifolds with cylindrical ends [Do1, Gu],
are manifolds with cusps: see [Co], the surveys [Sa, Mu¨], and [Bo1, HiJu] for recent results
and pointers to the substantial literature on this topic. Another direction of study is manifolds
whose curvature converges to a constant at infinity. One asks: For what rates of convergence do
embedded eigenvalues occur? See [Do2, JiLi] for some recent results and references, and [Ku] for
an example with precisely one embedded eigenvalue.
Proof of Theorem. We construct the desired Riemannian surface (X, g) by modifying the metric
of a certain hyperbolic surface (X, gH), which is the quotient of the hyperbolic plane H by a
Schottky group. We use the unit disk model H = {z ∈ C | |z| < 1}. For each j ∈ {1, 2, 3, 4}, let
Dj be the open disk in C, orthogonal to the unit disk, which is inscribed in the sector {z ∈ C |
| arg z − (2j − 1)pi/4| < α}, where α < pi/4 will be chosen later (close to pi/4). See Figure 2.
Let S1 be the orientation-preserving isometry of H which fixes epii/4 and −epii/4 and which maps
D1 to the exterior of D3: see [Bo2, Section 2.1] and [MuSeWr, Project 4.2]. Let
S2(z) = S
−1
1 (z¯). (1)
Then S2 maps D2 to the exterior of D4.
Let Γ be the group generated by S1 and S2, and let (X, gH) be the quotient of H by Γ. We
recall some standard facts about (X, gH) from [Bo2, Sections 2.4 and 15.1]. The surface (X, gH)
is obtained from the fundamental domain
F := H−
4⋃
j=1
Dj
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Figure 2. The unit disk, the parts of the disks D1, D2, D3, and D4 contained
within it, and the angle 2α. The fundamental domain F , the parts of the disks
D′1, D′2, D′3, and D′4 contained within it, and the disk B.
by identifying ∂D1 with ∂D3 using S1 and ∂D2 with ∂D4 using S2. Let N be the convex core of
X; this is the part of X whose lift to F is given by F −⋃4j=1D′j , where each D′j is the open disk
in C, orthogonal to the unit disk, to Dj , and to Dj+1 (with the convention that D5 = D1), whose
center has argument jpi/2. Then N has genus 1 and ∂N is a geodesic of length ` = 4ρ(D1, D2),
where ρ is the hyperbolic distance function. Furthermore, X \N is a hyperbolic funnel, i.e. there
are coordinates (r, y) ∈ (0,∞)× (R/`Z) such that
X \N = (0,∞)r × (R/`Z)y, gH |X\N = dr2 + cosh2r dy2. (2)
By (1), the involution z 7→ z¯ on F descends to an involution J on X, and J |X\N is a reflection.
For later convenience, we normalize the coordinate y in (2) so that J(r, y) = (r,−y).
Let B = {z ∈ C | |z| < √2 − 1}, and fix ϕ ∈ C∞c (B) such that ϕ 6≡ 0 and ϕ(z¯) = −ϕ(z) for
all z. Since B ⊂ F , regardless of α, we may identify ϕ with a function on X, and ϕ ◦ J = −ϕ.
Moreover, this ϕ is supported in N , regardless of α.
Now choose α < pi/4 (sufficiently close to pi/4) such that ` = `(α) obeys
‖dϕ‖2L2(X,gH)
‖ϕ‖2
L2(X,gH)
<
1
`2
. (3)
More precisely, tan(α) sinh ρ(0, D1) = 1 by the angle of parallelism formula [Be, Theorem 7.9.1],
and cosh(`/4) = sinh2ρ(0, D1) by a property of right-angled pentagons [Be, (7.18.2)]. See Figure 3.
Hence, tan2(α) cosh(`/4) = 1, and (3) is equivalent to tan2(α) cosh(‖ϕ‖/4‖dϕ‖) > 1.
Next, modify the metric in the funnel end so as to change it into a cylindrical end in the
following way. Fix a metric g on X having the form
g|N = gH |N , g|X\N = dr2 + F (r)dy2,
where F ∈ C∞((0,∞)) obeys F (r) = cosh2r near r = 0, F ′(r) > 0 when r ∈ (0, R) for some
R > 0, and F (r) = (2pi)2 for r ≥ R. Note that g, like gH , is invariant under J .
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α
ρ(0, D1)
`/4
ρ(0, D1)
Figure 3. The triangle and pentagon used to obtain (3).
Let −∆|O be the Laplacian on (X, g), restricted to functions u obeying u ◦ J = −u. Observe
that we have, in the part of X \N where r > R, the Fourier series expansion
−∆u(r, y) = (−∂2r − ∂2y/(2pi)2) ∞∑
n=1
un(r) sin (2piny/`) ≥
(−∂2r + 1/`2)u(r, y),
for all u obeying u◦J = −u, with equality if u is independent of y. This implies that the essential
spectrum of −∆|O is [1/`2,∞). But, by (3), ϕ is not in the range of the spectral projection of
−∆|O onto [1/`2,∞). Hence −∆|O has at least one eigenvalue, and in particular −∆ has at least
one eigenvalue.
By [ChDa1, Theorem 1.1], −∆ does not have infinitely many eigenvalues. 
Extensions.
(i) To construct examples with at least m eigenvalues, replace (3) with
max
ϕ∈V
‖dϕ‖2L2(X,gH)
‖ϕ‖2
L2(X,gH)
<
1
`2
,
where V is an m-dimensional space of functions in C∞c (B) satisfying ϕ(z¯) = −ϕ(z).
(ii) The symmetry with respect to the vertical axis (but not that with respect to the horizontal
axis) can be broken: after choosing α such that (3) holds, replace D2 and D3 by disks,
orthogonal to the unit disk, inscribed in larger sectors {z ∈ C | | arg z− (2j−1)pi/4| < α′}
for some α < α′ < pi/4.
(iii) To construct examples having genus g for any g ≥ 1, start with disks D1, . . . D4g, or-
thogonal to the unit disk, inscribed in sectors {z ∈ C | | arg z − (2j − 1)pi/4g| < α}, with
α < pi/4g, and take Sj mapping Dj to the exterior of Dj+2g. Then the convex core of the
quotient has genus g, and the boundary is a geodesic of length ` = 4gρ(D1, D2), and we
can choose α < pi/4g, close to pi/4g, such that (3) holds and proceed as before.
(iv) In all of these examples, we can also rule out resonances close to the continuous spectrum.
We discuss this briefly here, referring the reader to [ChDa1, Theorem 5.6] for details. By
[ChDa1, Theorem 1.1], the cut-off resolvent of −∆ is bounded at high energies, and by a
resolvent identity of Vodev [Vo], this implies that there is a polynomial neighborhood of
the continuous spectrum in a suitable Riemann surface (see [Gu, Me]) to which the cut-off
resolvent continues holomorphically.
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(v) By [ChDa3, Theorem 1.2], we also have an asymptotic expansion for solutions to the wave
equation on (X, g). Let u(t, x) solve
(∂2t −∆)u(t, x) = 0, u(0, x) = f1(x), ∂tu(0, x) = f2(x),
where f1 and f2 are in C
∞
c (X). Then, for any k0 ≥ 2, uniformly as t→∞ and as x varies
in a compact subset of X,
u(t, x) =
∫
X
f2 +
M∑
m=1
(
cos(Emt)
∫
X
f1ηm +
sin(Emt)
Em
∫
X
f2ηm
)
ηm(x)+
k0−1∑
k=1
t−1/2−k
∞∑
n=1
(
cos(nt/`)an,k(x) + sin(nt/`)bn,k(x)
)
+O(t−k0),
where {η1, . . . , ηM} is a maximal, real-valued, orthonormal set of eigenfunctions of −∆,
−∆ηm = E2mηm, and an,k, bn,k ∈ C∞(X). By the Theorem, the sum over m is not empty.
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